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Abstract 

We investigate N = 2 extended superconformal symmetry, using the half-twisted 
Landau-Ginzburg models. The first example is the D2n+2 -type minimal model. It 
has been conjectured that this model has a spin n super W current. We checked 
this by the direct computations of the BRS cohomology class up to n = 4. We 
observe for n < 3 the super W currents generate the ring isomorphic to the chiral 
ring of the model with respect to the classical product. We thus conjecture that 
this isomorphism holds for any n. The next example is CPn coset model. In this 
case we find a sort of Miura transformation which gives the simple formula for the 
super W currents of spin {l,2,...,n} in terms of the chiral superfields. Explicit form 
of the super W currents and their Poisson brackets are obtained for CP2, CP3 case. 
We also conjecture that as long as the classical product is concerned, these super 
W currents generate the ring isomorphic to the chiral ring of the model and this is 
checked for CP2 model. 



1 Introduction 



N = 2 superconformal field theories have been intensively studied in recent years 0] 
|2^,[|1^, ,0 because of its direct relevance to the superstring compactification 
| n[ pT| , topological field theory and supersymmetric integrable systems [^], [0] |T^, 



|p!5| ||12|| . The large class of = 2 superconformal theories can be realized as the infra- 



red fixed point of Landau- Ginzburg models [^] ||T8|. Thus it is important to investigate 
the structure of = 2 superconformal algebras in the framework of the Landau- Ginzburg 
description. To do so the apparent difficulty is that the action of the Landau- Ginzburg 
model does not have conformal invariance. However Witten has shown quite recently 



that under the operation of half-twist the Landau- Ginzburg model turns out to be 
left-moving conformally invariant [^]. This enable us to extract the essential information 
about the N = 2 superconformal algebra realized at the infra-red fixed point of the 
Landau-Ginzburg model. 

In this paper our purpose is to extend the analysis of Witten to the multi-variable case 
and to analyse the classical aspect of = 2 super W symmetry. In section 2 we clarify 
the twist operation in the Landau-Ginzburg model. In particular it is argued that the 
Landau-Ginzburg model with the quasi-homogeneous superpotential W admits the half- 
twist operation, so that it gets the conformal symmetry. In section 3 we treat the D2n+2- 
type minimal model which consists of two Landau-Ginzburg fields for lower ns. It is shown 
that the N = 2 algebra of this model is extended by an operator of spin n. Moreover 
we find that super W currents generate a ring isomorphic to the chiral ring of the model 
under the classical product. In section 3 the CP„ coset model is analysed. We point out 
that there exists a simple transformation law which yields the super W currents directly 
from the chiral superfields. The explicit form of the super W currents and their Poisson 
brackets are obtained for CP2 and CP3 cases. It is conjectured that in these examples 
also the super W currents genetate a ring isomorphic to the chiral ring under the classical 
product, and this is proved for CP2 model. In appendix we collect some useful classical 
and quantum formulas for the Landau-Ginzburg model. 
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2 Twists of Landau- Ginzburg models 

2.1 Preliminaries 

The Landau-Ginzburg model is an iV = 2 super field theory described by n chiral super- 
fields. The Lagrange density is 

L = 4$*$* 1^4 -W{¥) \g2 -W{¥) \g2 

= J de-de+de+de-¥¥ -^J de-d0+w{¥) -^J de+d0-w{¥) 

= 4(2v^Ca+C + 2v^^+a_^; - 0d-d+(j)' + F'F') 



See Appendix for the convention of the N — 2 superformalism . The equations of motion 
for the Landau-Ginzburg model can be written by superfields as 

_ _ dW 
2D+D^^' = —r (2) 

In terms of the component fields we have 

dW — dW 



SV^d+xpl + did-jWijji ^ 0, -SV^d+xpl + didjW^i ^ (4) 



SV^d.ipi - didjWTpi. = 0, -8^/^^_'^/Jl - didjWipi. = (5) 

-16d_d+(p' - ^diWdid-jW + didjd-kWipli>l = (6) 

-169_9+0^ - ^djWdidjW + didjdkWi^itl^t = (7) 

The canonical energy-momentum tensor of the Landau-Ginzburg model reads 
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2.2 Topological twist of Landau- Ginzburg models 

Let us consider a field theory which has an energy-momentun tensor (T , T+_, and 

a conserved current (J_, J+). Then one can define a new energy-momentum tensor as 

T__ = T__ - ^d-J- 

T++ = T++ + ^9+J+ (9) 

It is clear that the possibility of twist procedure depends upon if the current is conserved. 
We thus first look for conserved currents in the Landau- Ginzburg model to consider its 
twists. Two U{1) transformations , which are essentially the rotations of the super co- 
ordinates {6^,6^) , can be defined ; the axial U(l) transformation, 

{e-, e+) e^^(r , ^+), (r , e+) ^ e-^^(r , e+) (lo) 

and the vector U{1) transformation, 

{0-, 6+) ^ {e-^^e~,e^^e+), (r , e+) {e^^r, e~^^e+). (11) 

It is seen that the vector U{1) symmetry is conserved but the axial U{1) symmetry is 
violated by the superpotential term, 

2 2 ^ ' 

The conserved current of the vector f/(l) symmetry is given by 

= (-^^ifi, -^^^^M. (13) 



Using the vector U{\) current (|T3|) we twist the energy- momentum tensor (P) according 
to (|^). Then two of four supercharges Q± turn into Lorentz scalars with erspect to the 
twisted energy- momentum operator (|^) and we can define the BRS operator Qbrs as 

Qbrs = Q+ + Q^. (14) 
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Now the twisted system has the following topological formula, 

T+- = {QBRs,-j^diW4>^_} 

f- = {Qbrs^^O.^^I}. (15) 
This is the Vafa's topological Landau-Ginzburg model |^ . BRS local observables consist 



of the lowest component of chiral super fields which generate the chiral ring TZ [Id 



dW dW 

7^ = C[0l,02,..,0.]/(^,...,^) (16) 

0<Pl 0(Pn 

2.3 Half-twisted Landau-Ginzburg models 

We now show that if one twists the energy-momentum tensor (^) by the right-moving 
chiral U{1) current then the remaining model has left-moving conformal symmetry. The 
right chiral U{1) rotation is defined by 

(r , r ) (r , r ), {e+, e+) ^ (e^^r , e-^^^+). (i7) 

Similarly to the axial U{1) rotation, the superpotential term violates this symmetry . 
However it is recovered if one can simaltaneously transform the chiral superfields so that 

W{^') ^ iy(e^"'^$^) = e^f^Wi^'), (18) 

namely if W is quasi-homogeneous. Here the weight a, is called the quasi-homogeneous 
degree of When the superpotential is quasi- homogeneous, therefore, we have the 

conserved chiral U{1) current 

Jl = ^(-2^+0^ + v^^^^;)-^^;^^ 

= !|(20^9_0^ + v^V^iO- (19) 

Now let us twist the energy-momentum tensor (|^) with the right moving chiral U{1) 
current (P^ according to the formula (^. Define 

Qbrs = Q+ (20) 



as a BRS operator, then we have the following energy-momentum operator 



T 



T 



T 



+- 



^ht 

+-4 



■+ 








<ht 



{Qbrs, *} 



(21) 



Only a (- -) component of T^^ is an observable in the sense of BRS cohomology . Thus 
in the half-twisted model conformal invariance is realized in the left moving sector at 
the level of the Qbrs cohomology ||25| ||2^. It can be checked that T_^l generates the 
Virasoro algebra with c = ~ 2aj) . There are infinite number of the observables of 
the half-twisted Landau- Ginzburg model and their spectra are represented by the elliptic 
genus. (See p6| [|1^ for the computations of the elliptic genera of the various Landau- 
Ginzburg models.) We conclude that making use of the half-twist operation one can study 
the N = 2 super conformal algebra realized at the infra-red fixed point of the Landau- 
Ginzburg model with a quasi-homogeneous superpotential W . In the following we search 
for = 2 super W currents in multi-component Landau- Ginzburg models by constructing 
local observables as commutants of the BRS operator Qbrs of half-twisted model. 

3 The i^2n+2-type minimal model 
3.1 General strategy 

Our approach of constructing the N = 2 super W algebra is as simple as that for the 
super Toda model |jT9|. What we should do is to find operators expressed as differential 
polynomials of chiral superfields which are in the Qbrs cohomology class. According to 



the equivalence relation Q+ = e ^^^^ ^ D j^e^^^^ ^ ^+ we shall consider coho- 
mology classes of Z)+ for convenience. To find a BRS cohomology of spin m and charge 



5 



we take as the candidates all the monomials 

[|(<I>*)"W ( ( D_ $^)^(*) ( L>_ L>_ <l>^)'^(^) (22) 

such that J2c(i{(^{i) + b{i) — c{i) — d{i)) = 0, J2{c{i) + d{i)) = m J2{b{i) + d{i)) = 
m. Similarly BRS exact operators are made by operating Z)_|_ to monomials such that 
Eai{a{i) + h{i) - c{i) - d{i)) = -1, E{c{i) + d{i)) = m + 1, Eid{i) + b{i)) = m. In 
this paper we only deal with the classical aspect of the algebra and possible quantum 
corrections to observables are neglected. Before analyzing the multi-variable case we 
briefly review the 1-variable case. The model is the A-type minimal model with the 
superpotential 

W{X) = (23) 

The equation of motion is 

2D+D_X = X''+\ (24) 
The energy-momentum superfield obtained by Witten is 

J = - — ^ — -XD^D^X, D+J = 0. (25) 

2(A; + 2) 2(A; + 2) ' + ^ ^ 

We easily see that J''^^ is a BRS exact operator since 

{-2{k + 1) J)^'+^ = D+{2D_X{D_D_X)''+^). (26) 
It is interesting to notice that in (El) the superfield X raised to the power + 1 is BRS 



exact while in (p6D the energy-momentum superfield J raised to the same power k + 1 
is also BRS exact. In this sense we observe simple correspondence between the chiral 
superfield and the = 2 ly current. This kind of correspondence is not peculiar to the 
A-type model, but can be extended to other multi-variable cases as we will see below. 

3.2 The D2n+2 model 

The superpotential and the energy-momentum tensor for the Z^2n+2-type minimal model 
is given by 

w(x,Y) = — ^ — + 

2?2 + 1 

2(2n + l)J = 2nD.XD^X - XD^D^X + {n + l)D^YD^Y -nYD^D^Y (27) 
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This model at the infra-red fixed point has central charge c 



2n 



2n + l 



p2| and it has a 

realization as the level 1 supercoset SO{2n + 2)/ S0{2n) x SO {2) model 0. From the 
form of the modular invariant partition function one expects that in this model N = 2 
algebra is extended by the operator of spin n [0 . We construct directly this operator for 
n = 1, 2, 3, 4 below. These are all parity odd under the symmetry Y — > —Y. 
n = lease 

One has the following BRS cohomology class of spin 1 with odd Z2 parity, 

1 



Ja = -(2DXDY + 2DYDX - XDDY - YDDX) 
6 



(2^ 



It is readily seen that JandJA generate a ring with respect to the classical product 
(3J)(3Ja) = D 



hoDXfDY + -DXDDXDDY + ^DY{DDYf 
4 2 4 



(3J)2 + (3Ja) 



]^DX{DDXf + DDXDYDDY + ]^DX{DDYf 



(29) 



Notice that this is isomorphic to the chiral ring 

- - - dW 
2D+D_X 

2D.D_Y 



dX 
dW 



X^ + Y\ 
2XY. 



(30) 



Before going to the n = 2 case, we describe the quantum version of the extended algebra. 
Let us renormalize the W supercurrents as 



47r 47r 

T = J, Ta = J A 

8 ' 8 

(see Appendix), then we evaluate the operator product expansions 

612612 , 612 



(31) 



TiZ,)TAiZ2) 
T{Zi)T{Z2) 
Ta{Zi)Ta{Z2) 



1 2 
163 
1 2 
163 



+ 



4 Zu 

612612 

^12 
612612 
^12 



V — 1 c'19 - 6-\o6-\o „ 



4 Z12 
I 612 



+ 



4 Z12 
^612 



-D 



Z12 
^612 



4 Z 



D + 



12 



D + 



1 6i2_^ 



Ta{Z2 

^12^12 

Z12 
\26i2 



T{Z2) 
T{Z2) 



4 -2^12 4 Z12 Z\2 

This algebra coincides with that of the N = 2 super Toda field theory associated with 
the Lie superalgebra sl{2 \ 1) [|1^. 



n = 2case 

4 

This model has c = - and can be identified with the level 2 CPo model. In this case we 
5 

search for a spin 2 BRS cohomology element in the parity odd sector. There exist two 
BRS closed operators, one of which is BRS exact and the other is not. The BRS exact 
operator is 

- 2X^DYDYDDY + 2XYDYDXDDY + X^{DDYf = D +{X DY {D DYf) , (32) 

and the BRS observable W^"^^ is 

^rm ^ 2DYDXDDX - ]^Y{DDXf - X'^Y{DDYf + 3X^DYDYDDY 
-X^DDXDDY + AX^DXDXDDY + SX^DXDDXDY. (33) 

We find that lOJ and 2W'-'^^ form a ring under classical product 

(10J)(2W^(2)) ^ D4---] 
(10J)^ + (2W^(2))2 ^ D4---]. (34) 

Notice again that this is isomorphic to the chiral ring, 

2D^D^X = |^ = x^ + y2 

oX 

- - - dW 
2D+D_Y = -^ = 2XY. (35) 

The detailed description of the right hand side of (0) is given in Appendix. 

n = 3case 

In this model we obtain the supercurrent of spin 3, 

Ty(3) = -Y{DDXf - 2DYDX{DDXf 
3 

+X^DDY{DDXf - AX^DXDY{DDXf - UX^DXDXDDXDDY 
-QX^DYDX{DDY f - SX^DYDDYDYDDX + ?,X^Y DDX{DDY f 
-12X^DXDY{DDYf + X^{DDYf. (36) 

Moreover there exist four BRS exact currents of spin 3 in the parity odd sector, 

D+{X'^YDY{DDYf), D+{X^DX{DDYf) 



D+{X^DXDXDY{DDYy), D+{X^ DY DDX{DDYf). 



These super W currents generate the ring under the classical product, 



(37) 



(14J)6 + (3W^(='))2 = D+[---l (3^ 



which is isomorphic to the chiral ring 

2D+D^X = -^=X^ + Y\ 

- - - dW 
2D+D_Y = = 2XY. (39) 

We represent the right hand side of (^) explicitly in Appendix. 

n = 4case 

We find here that there exists a unique spin 4 BRS cohomology element with the odd 
parity, 

W^^^ = ^Y{DDXY -2DYDX{DDXf 

-bX^DXDY{DDXf - 2AX^DXDDYDX{DDXf 
+X^DDY{DDXf - ASX^DXDYDXDYDDXDDY 
+l2X^YDXDYDDY{DDXf - ^X^DY DY DDY{DDXf (40) 

In addition to this, other 9 BRS exact terms of spin 4 with odd parity exist though we 
don't describe here. Now we would like to conjecture that the D2n+2-type minimal model 
has a spin n parity odd current of the form, 

^r{n) ^ }_Y{DDXy' - 2DYDX{DDXy'-^ + X^^'-^DDxy-^DDY (41) 
n 

-(n + l)X^''-^DX{DDxy-^DY - 2n{n - l)X^''~'^DXDX{DDXy-^DDY + ■■■ 

where the remainig terms in the ellipses can be systematically evaluated for each n. We 
also conjecture that under the classical product the supercurrents {2{2n + 1) J, niy*-"-') 
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generate a ring graded by Lq which is isomorphic to the chiral ring TZ of the model 
generated by {X,Y), i.e., 

(2(2n + l)J)(nTy(")) = D+l---] 
(2(2n+ 1)J)2"+ = (42) 

It would be interesting if one can find the Miura transformation {X,Y) (J, W^""^). For 
the case of CP„ coset model we have such a transformation as will be explained in the 
next section. 

4 The CPn coset model 
4.1 General aspect 



For the CPn coset model , Ito |T2| identified the N = 2 super W symmetry of the model 



with that of super Toda field theory [|T^ [|T5[ [y]. This super W algebra has the generators 
of spin {1, 2, 3, n}. In the super Toda approach, these generators are given by the Miura 
transformation , which originates from the fact that the super Toda field equation can 
be written in the form of super fiat curvature equation. In the following we will give 
simple formulas for the BRS invariant supercurrents of spin {1, 2, 3, n} in terms of the 
chiral superfields. (The relation between these two approaches is yet to be clarified.) 
The chiral ring of CP^'^ model is isomorphic to the cohomology ring of the coset space 
SU{n + k + l)/SU{n + 1) x SU{k) x f/(l) ll6|. An important property is the level-rank 



duality 



" n+k+1 ^ ^ 



The chiral superfields and the superpotential of CP^"* model are given as follows pO|] , 

l+t^^ + t2$2 + . . . r$" = (1 + ta(l))(l + ta(2)) ■ ■ ■ (1 + ta{n)) (44) 

$1 = a{l) + a{2) + ■ ■ ■ + a{n) 

$^ = a(l)a(2) + a(l)a(3) + --- + a{n — l)a{n) 



= a(l)a(2) • ■ ■ a(n) 
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(45) 



W^(fc+n+l) 



1 



. -Va(0"+'+^ (46) 

The point is that the right hand side of ( ^61) is a completely symmetric polynomial of 
a(l), a(2), . . . ain) so that it can be expanded as a polynomial of . . . Our idea 

to construct the BRS closed supercurrents of spin 1, 2, . . . is very simple. First one 
writes the equation of motion in terms of chiral superfields {a(l), a(2), . . . a(n)} as 

c)K 

2D+D_b{i) = a(2)'=+", l<t<n , = — — , K = Y, (47) 

CJCL I ) 



It is easily seen that ( |47| ) is equivalent to the original equations of motion of $*s. Next 
we observe that there are n BRS invariant spin 1 currents 

J{i) = {k + n)Da{i)Db(i) -a{i)DDb(i), l<i<n (48) 

D+J{i) =0, l<i<n (49) 
If one combine these n currents in a completely symmetric manner in i , 

1 + tl^(^) + t^iy^^) ^ ^3^(3) ^ . . . ^n^(n) _ _^ t J(l))(l + tJ(2)) • ■ ■ (l + t J(n)) (50) 

the resulting spin i current W^^'^ can be rewritten by the original variables $. Then 
s are BRS invariant by construction. In particular W^^^ coincides with the energy- 
momentum operator 

n 

W^W = 2{n + k + 1) J = J2[{n + k + 1)D^'D^' - iD{¥D^')], (51) 

i=l 

The remaining higher spin currents W^^^ should give an extention of the N = 2 super- 
conformal algebra under the Poisson bracket. We shall check this for the CP2 and CP3 
models later. Finally we remark that the transformation (^) is the analogue of the Miura 
transformation. 

4.2 The CP2 model 

The superpotential and chiral superfields are given by 

^^+3 = j^W)'^' + «(2)'+'), X = a(l) + a(2), Y = a(l)a(2). (52) 
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The kinetic term (Kahler potential) is written as 

K = XX + YY = (a(l) + a(2))(a(l) + a(2)) + a(l)a(2)a(l)a(2), (53) 

so that 

Two spin 1 currents are 

J(l) = {k + 2)Da{l)Db{l)-a{l)DDb{l) 

J{2) = {k + 2)Da{2)Db{2)-a{2)DDb{2), (55) 
from which one can construct BRS invariant supercurrent of spin 1 and 2, 

ly(^) = 2{k + 3) J = {k + 2)DXDX + {k + 1)DYDY - XDDX - 2YDDY (56) 

iy(2) = -{k + 2fDXDYDXDY -{k + 2)YDXDXDDY -{k + 2)XDYDDDX 
+ {k + 3)YDXDDXDY + XYDDXDDY - {k + 2)DYDXDDY 
+Y{DDXf -{k + 1)YDYDYDDY + Y^{DDY)^ (57) 

As in the Z}2n+2-type minimal model treated in the previous section, one may suspect that 
W^^^ and W^'^^ generate a ring isomorphic to the chiral ring with respect to the classical 
product. Indeed this is true as we show. To this purpose we describe the ideal of the 
chiral ring The generators of thre ideal of the chiral ring of the level k model can 
easily described by the variables (a(l),a(2)) as 

= a(l)'=+2^a(l)'=+ia(2) + a(l)^a(2)2 + ... + a(2)'=+2 



dY 

It is easily found that 



dX 

^^^^^ - a{l)''+^ + a{l)''a{2) + a{lf~^a{2)^ + --- + a{2)^+\ (5^ 



;-2(fc + 3)J(l))'^+' = 2D+[Db{l){DDb{l))''+^] 
-2{k + 3)J{2))^+^ = 2D+[Db{2){DDb{2)f^\ (59) 
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However the (1,2)— permutation invariant subideal of the ideal (7(1)^+^,7(2)*^+^) is 
smaller than the ideal (^B|) with (a(l),a(2)) replaced by (J(l), 7(2)), so that one need a 
refinement of (|59|) . The solution is given by the following equation 



Db{l){DDb{l))''+^ - Dh{2){DDh{2)f+^ 
= +2{k + 3){J{l)-J{2))M^''^-{a{l)-a{2))D+[DXDY{DDY)^+^] (60) 

where M^''^ is some super differential polynomial, i.e., an element of C[X, Y, DX, DY; D]. 
From this we have the needed equation. 



2D.M^^^ 



{-2{k + 3) J(l))^+^ - {-2{k + 3) J(2))^+^ 
-2(A; + 3)J(1) + 2(A; + 3)J(2) 

-2{k + 3))*+V(l)''^' + '^(1)''^(2) + ■ ■ ■ + J(2)'=+^]. (61) 



Now it is easy to see that ( |6T]) combined with (|59|) constitute the ideal isomorphic to that 
of the chiral ring. Thus we can say that (W'(^), 1^(2)) generate a ring isomorphic to the 
chiral ring under the classical product. For the computation of M^^^ see Appendix. 
For example the generators of the ideal of the chiral ring for A; = 1 is given by 

^ = x»-2A-y, fi = A--r. (62) 

Correspondingly, the spin 2 current W^'^^ is BRS equivalent to {W^^^Y, 

(Vt/(2)) _ (H/(i))2 = 2D+[{DDXyDY + 3DXDDXDDY 
+3DXDXDYDDY + 3XDDXDYDDY + 3XDX{DDYf 
-3YDY{DDYf + ?,X'^DY{DDYf]= 2D+M^^^ (63) 

and {W^^^Y is cohomologous to 0, 

(iy(i))3 = D+[I2X'^DXDXDY{DDYf - 2AX^DDXDY{DDYf 
-lQX^YDY{DDYf - 2AXDXDXDDXDY DDY 
-12X'^ {DDXfDYDDY - 2AX^DXDDX{DDYf 
-72YDXDXDY{DDY f - A^XDYDXDY{DDY f 
+2AXYDDXDY{DDYf - lQXYDX{DDYf 
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+16Y'^DY{DDYf - 2DX{DDXf 

+ l2DXDX{DDX fDY - AX{DDX fDY 

-12X DX{DDXfDDY], (64) 

this is consistent with the fact that the level 1 model is isomorphic to the minimal model 
of level 2 (^). Also in the general CP^'' model ,it seems that the chiral ring conjecture 
about W^'^\ . . . , PF^"-)} does not conflict with the level-rank duahty (|| ). 

4.3 The CPs model 

The superpotential and the chiral superfields are given by 

X = a(l) + a(2) + a(3) 

Y = a(l)a(2) + a(l)a(3) +a(2)a(3) 

Z = a(l)a(2)a(3). (65) 

The spin 1 currents are 

J(l) = {k + 3)Da{l)Db{l)-a{l)DDb{l) 
J(2) = {k + 3)Da{2)Db{2)-a{2)DDb{2) 

J(3) = {k + 3)Da{3)Db{3) -a{3)DDb{3) 

dK - 

Kl) = TTTTT = X + (a(2) + a(3))y + a(2)a(3)Z 
oa\l) 

m = ^^ = X + (a(l) + a(3))F + a(l)a(3)Z 
h{3) = ^ = X + (a(2) + a(l))F + a(2)a(l)Z (66) 
We recover the energy-momentum operator as 

= 2{k + 4) J = J(l) + J(2) + J{3) 
= {k + 3)DXDX + {k + 2)DYDY + {k + l)DZDZ - XDDX - 2YDDY - 3ZDDZ. 
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Computations of super W currents W^^^ = ^(1)^(2) + J(l) J(3) + J(2) J(3), 
1^(3) — J(1)J(2)J(3) are a little complicated. The explicit results are 

^ + 3)^MDyOTL>y - (A; + 2)(A; + 3)DXDZDXDZ 
-{k + 2fDYDZDYDZ 

-{k + 3)DYDXDDX - {k + 3)YDXDXDDY - {k + 3)DZDXDDY 
-2{k + 3)ZDXDXDDZ - {k + 3)XDYDDXDY + {k + A)YDXDDXDY 
-{k + 2)DZDDXDY - {k + 2)YDYDYDDY -{k + 3)XDZDYDDY 
+{k + 5)ZDXDYDDY - 2{k + 2)ZDYDYDDZ - {k + 2)XDZDDXDZ 
+ {k + A)ZDXDDXDZ - 2{k + 2)YDZDDYDZ + (A; + b)ZDYDDYDZ 
-2{k + 1)ZDZDZDDZ + Y{DDXf + XYDDXDDY 
+3ZDDXDDY + 2XZDDXDDZ + Y'^{DDYf + XZ{DDYf 
+2YZDDYDDZ + 3Z'^{DDZf (67) 

iy(3) = {k + 3fDXDYDZDXDYDZ 

+{k + 3fDXDZDXDDXDY + (A; + 3fDYDZDXDDXDZ 
+ {k + 3f{ZDXDY + XDYDZ - Y DXDZ)DDXDYDZ 
+{k + 3f{XDXDZ - DYDZ)DXDYDDY 

+ {k + 3f{YDXDZ - ZDXDY)DXDDYDZ + 2{k + 3fDXDYDXDYDDZ 

+ {k + 3fZDXDZDXDZDDZ + {k + 3fZDYDZDYDZDDZ 

+{k + 3f{YDYDZ - ZDXDZ)DYDDYDZ 

+ {k + 3)DZDX{DDXf + {k + 3)DXDZDXDDXDY 

+{k + 3){XDZ + ZDX)DXDDXDDY + (A; + 3)ZDYDXDDXDDZ 

+{k + 3)DYDZDXDYDDY + {k + 3)XZDXDX{DDYf 

-{k + 3)ZDXDYDXDDYDZ + (A; + 3){YZDX + ZDZ)DXDDYDDZ 

-{k + 3)ZDXDZDXDZDDZ + {k + 3)Z^DXDX{DDZf 

+{k + 3){XDZ - ZDX){DDXfDY + (A; + 3){X'^DZ - XZDX + ZDY)DDXDYDDY 
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+{k + 3)ZDXDYDDXDYDZ + {k + 3){XZDY - YZDX + ZDZ)DDXDYDDZ 
+{k + 3){XY - Z)DZDY{DDYf 

+{k + 3){YDYDZ + 2XZDXDY - 2XYDXDZ)DYDDYDZ 

+{k + 3){XZDZ + YZDY - Z^DX)DYDDYDDZ - 2{k + 3)ZDYDZDYDZDDZ 

+{k + 3)Z^DYDY{DDYf + {k + 3){ZDXDY - YDXDZ)DDXDYDZ 

+ {k + 3){YDZ - ZDY){DDXfDZ + (A; + 3){XYDZ - XZDY + ZDZ)DDXDDYDZ 

+ {k + 3){XZDZ - Z^DX)DDXDZDDZ + {k + 3){Z^DX + Y^DZ - YZDY){DDYfDZ 

+{k + 3){2YZDZ - Z^DY)DDYDZDDZ + {k + 3)Z'^DZDZ{DDZf 

-Z{DDXf - 2ZDX{DDXfDY - 2XZ{DDXfDDY 

-ZDY{DDXfDZ - ZD{X^ + Y)DDXDYDDY 

+ZDXDYDDXDYDZ - Z{YDX + DZ)DDXDYDDZ 

-Z{X^ + Y)DDX{DDYf - Z{2DZ + XDY)DDXDDYDZ 

-Z{XY + 3Z)DDXDDYDDZ - Z{ZDX + XDZ)DDXDZDDZ 

-XZ'^DDX{DDZf - Z{XDY + YDX - DZ)DY{DDYf 

+2ZDXDZDYDDYDZ - Z{2ZDX + YDY)DYDDYDDZ 

+ZDYDZDYDZDDZ - Z'^DYDY{DDZf - Z{XY - Z){DDYf 

-Z{YDY - XDZ - ZDX){DDYfDZ - Z{Y'^ + XZ){DDYfDDZ 

-Z{2YDZ + ZDY)DDYDZDDZ - 2YZ^DDY{DDZf 

-2Z^DZDZ{DDZy - Z^{DDZf. (68) 
4.4 Poisson brackets between W currents 

In this subsection we show that the W supercurrents constructed above indeed close 
among themselves under the Poisson bracket defined by 

{^\Z,),D¥{Z,)] = S^^^^^^. (69) 

We checked that the energy-momentum tensor generates a center-less N = 2 Virasoro 
algebra under the Poisson bracket. Thus the structure of the super W algebra is much 
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simpler than that of the super Toda theory. To compute the Poisson brackets for W 
currents one only needs the bracket for spin 1 currents J{i) s by virtue of the decomposition 
(0). It can be shown that (^) is equivalent to 



{a{t){Z,),DbCj){Z2)} = 6''^ 



12 



47r Z 



(70) 



12 



Then this induces the following commutation relation 
47r 1 



2(A; + n+ 1) 



{J«(Z0,J(j)(^2)} 



^12^12 



+ 



-1 Q 



12 



D + 



■1 ^12 f=, , ^12^12 r^ 

-D H — o 



(71) 



J12)- 4 Zi2 4 Zi2 Zi2 

Notice that the level k of the model appears only as a normalization constant of the 
Poisson bracket. 
CP2 model 

In this case we must show that {W'^^\W'^'^^) form a closed algebra under the Poisson 
bracket. The results are as follows. 

47r 



8 2(A; + 3) 
^ ^12^12 _|_ 



^—-{w^'\z,)M'\z2)] 



-1 e 



12 



{Z,2? 



4 ^12 



D 



-1 ^12 , ^12^12 o 
-D H O 



4 ^12 



Z 



12 



W^^\Z2) 



(72) 



A-n 
'Y2 



J^^{W^'\Z,),W^^\Z2)} 



6-106 



12^^12 



iZl2)' 



W^'^W^^\Z2 



-1 ^ 



12 



4 ^12 

1 612612 
1 ^ 



-1 6 



12 



4 Z 



12 



12 



DVI/(2)^y,^(i) _ Dy^W^y^m _ + DD)W^'^^ ■ W^^^] {Z2) 



iZ2) 

(73) 



CA model 



In this case we see that {W^^\W^'^\W^^^) close among themselves under the Poisson 
bracket, 

47r 1 



, ^12^12 



-1 



712 



4 ^12 



V — 1 6^2 - 610612 „ 



4 ^12 



^12 



(74) 
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8 2(A; + 4) 

,^12^12 , V 



-1 9 



12 



D 



Att 



8 2{k + A) 



4 Zi2 



— 1 9i2 p, , ^12^12 o 

D H — o 



4 2'i2 Zi2 
^12^12 



(75) 



(^12)^ 



+ 
+ 



+ 



4 Zi2 

^9u_ 
4 Zi2 

/—I 6'i26'i2 
4 ^12 

47r 1 
"Y2(A; + 4) 

^9u 



|y(i)£)|y(2) _ H/{2)£)|y(i) + 3£)iy(3) 



{W^'\Z,),W^'\Z2)} = Ml|2i^(i)i^(3)(z^ 



4 Z 



12 



(^12J 



:^2) + 



^9 



12 



4 Z 



12 



1^(1) DVT^^) _ y^(3) 



4 
47r 



1 ^12^12 r^^(3)^^(l) _ ^^(3)^^(1) _ ^ ^^^^^(1)^(3)^1 ^^^^ 



^12 
1 



(77) 



+ 



8 2(A; + 4) 

^^^12 



{W^'\Z,),W^'\Z,)} = j§^2W^"^w^'\z 



4 Z 



12 



'12 



4 Z 



12 



(2) (3) _ p^(3) £)^r{2) 



-1 6'i26'i2 



DVr(2)L)Vr(^)-DVr(^)DVr(2)-(DL' + DL')Vr(^)-Vr(2)l (Z2). (78 
4 Z12 L J 

We can easily evaluate the Poisson brackets for the other CP„ models by the same method. 

To conclude this section we make two remarks. Firstly these algebras depend on the level k 

only through the normalization of the brackets. This is in marked contrast with the super 

Toda case where the central extenison term appears even at the classical level. Hence 

it is much more important to know the quantum regularization of these W currents in 

the Landau- Ginzburg model and compute the operator product expansions. Secondly it 

should be noted that while we used the superfields (a(l),a(2), . . . ,a(n)) to express the 

equation of motion and Poisson bracket, we cannot use them in quantum theory because 

of the nontrivial Jacobian comes out 

5$i 



det 



da{j) 



n i^^ih] 

li<h 



aik)). 



(79) 



(76) 
{Z2) 



18 



5 Discussion 



In this article we investigated the classical aspect of = 2 super W symmetry in Landau- 
Ginzburg models after clarifying the meaning of the half-twist operation. In the half- 
twisted Landau-Ginzburg model, N = 2 super W currents are realized as BRS cohomology 
classes in the field space. Remarkable property which we have observed is that these W 
currents generate a ring isomorphic to the chiral ring so long as the classical product is 
concerned. In general normal ordered product in CFT is known to be neither commutative 
nor associative. Thus it is interestingwould to know the quantum regulalizations to = 2 
super W currents discussed here and look into their normal ordered product structure. 
For example in the case of iV = 2 minimal model of level k, J^^^ is BRS exact by 
the classical equation of motion (p6l). When quantum corrections are made this may 
repersent the existence of the singular vector in the vacuum Verma module. [] Our 
method would be used for analyse the W symmetry of other level 1 coset (for example 
S0{2n)/U{n)) models. Finally the CP„ coset models have quantum level description 



in terms of the Landau-Ginzburg models [16] llQ] and the classical level description by 



super Toda theories |jT9[ |]T5[ [^]. In these models it is important to elucidate the Landau- 



Ginzburg / Toda correspondence ||17 
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A Appendix 

A.l Notation of = 2 superfomalism 

First we collect some formulas of = 2 superformalism used in this paper. Our conven- 



tion is that of Wess-Bagger reduced to 2 dimensions {x ,x\x ,x ) — > {x ,x ) |25| 



Supercovariant differentials are given by 



= ^ - 2V^9^d^, D^ = -^ + 2V^9^d^ (80) 



^We thank Y. Yamada for pointing out this. Also sec 
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and supercharges are 

<5± = ^ + 2v^^^9±, g± = -^-2v^^±9± (81) 
. Right-moving (-|-)and left- moving (—) coordinates are defined as 

^{e^y,x^ ^x''±x^ (82) 

Supertransformations for general superfield A are defined by 

s^A = (e+g+ + cQ- - - tQ-)A. (83) 

Chiral superfield $ is defined as 

L>±$ = (84) 

and is expanded as follows, 

$ = 0(r,2/+) + y/2e-il;_{y-,y+) + x/2^+^+(|/-, y+) + 2e+e-F{y-,y+) (85) 

y^^x^ + 2y/^e^e^ (86) 
We also define anti chiral superfield $ 

= 0, D_l> = (87) 

!> = 0(r,y+) - V2e-iP4y-,y^) - V2e+iP+{y-,y+) + 2e-e+F{y-,y+). (88) 

y± = x± + 2y/^e^e^ (89) 

We finally give the super transformations of component fields using the equation of motion 
of F field. 

S(j>' = A/2(r^i + e+^;),5<^^ = -x/2(rfi + e+^i) (90) 

S^IjI = V2{-y+diW - 2V^td-(l)'), Si/jI = V2{~^+diW + 2^^r5-0O (91) 
(^V't = v^(^r^V^^-2V^e+a+</.0,#^= V2(^r9,iy + 2v^e+ft (92) 
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A. 2 Operator product expansion formulas 

We give operator product expansion formulas in Landau-Ginzburg model which may be 
useful in discussing the free field realization of A^" = 2 algebra in terms of the Landau- 
Ginzburg superfilds. The left moving super coordinates are 



9 — 9 , 9 — 9 , Zi2 = Xi — X2 

^ \0g{Zi2 - 2V^9i29l2) 



47r 

log(Zi2 + 2^/^9^29^2) 



L>l>(Zi)$(Z2) 



$(Zi)$(Z2) 

$(Zi)$(Z2) 
$(Zi)5$(Z2) 
D$(Zi)$(Z2) = l>(Zi)D$(Z2) = 

D^Zi)D^Z2) 
D^Zi)D^Z2) 



z\2 + 1\J —\{9\92 — ^2^1), 9i2 — 9i — 92, 9i2 — 9i — 92 
1 



-1 9 



12 



4:71 Zl2 

4V^9u 



4tt Z 



12 



1 



47r Zu + 2V^9u9i2 
4a/^ 1 



47r Z12 - 2V^^i2^i2 
The Taylor expansion for = 2 superfield is as follows, 



(93) 



A{z,,9,,9,) = ^-{Z,2) 



1 + 912D2 - 912D2 + -^12^12(^2^2 - ^2^2) 



^'=^(^2,^2,^2). 

(94) 



The energy-momentum tensor is given as 



1 . _ _- cy ■ — —- 1 . _ _- rv- . — —- 

J = -(1 - ai)D^'D^' - = -D^'D^' - —D{^'D^') (95) 

2 2 2 2 

47r 

The normalized energy- momentum tensor is T = — —J, and if A is a primary field with 

8 

(Lo, Jo) = {h,q), then 

1 



T{Z,)A{Z2) 



, ^12^12 , V — 1 ^12 r-, , V ~1 ^12 , ^12^12 o 

4 Z12 (^12) 4 Z12 4 Z12 Z 



'12 



^(^2) 



r(Zi)T(Z2) = -^c ^ 



+ 



16 (Zi2)2 

9\o9 



12C12 



+ 



1 6'l2 „ , \/--T ^^12 = 6*126*12 r^ 

-D H ; — -t;—D H — a 



4 ^12 



4 Z 



12 



^2 
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In particular for the fundamental chiral fields, 



T(Zi)D$*(Z2) 



T{Z{)^\Z2) 




d D¥{Z2) 



B Ring structure of W currents 



Here we give the complete expression of (pi[). 



(10 J) (21^(2)) ^ D+[-2AXDXDXDY{DDYf + 6X^DDXDY{DDYf 



(10 J)^ + {2W'-^^y = D+[96X^DXDXDY{DDYf - 2AX^DDXDY{DDYf 
-l2X^YDY{DDYf - 9QXDXDX{DDXfDYDDY 
+12X^{DDXfDYDDY + 8X^{DDXf{DDYf 
+192X DYDXDDXDY{DDYy + 2AXY{DDXfDY{DDYf 
+QAXYDXDDX{DDYf + l92YDYDXDY{DDYf 

+32Y'^DX{DDY)^ + 2Y'^DX{DDY)^] (97) 
The right hand side of ( pSj ) is given by 

(14J)(3Vr(^)) = D4-9X^DY{DDY)^ + UAX^DXDXDDXDY{DDYy 



{lAjf + {SW'^^^y = D+[-86A0X^^DXDXDY{DDYf + 1512X^^ DX{DDY) 
+X^'^DX{DDYf - U8X^DXDX{DDXfDY{DDYf 
+Q8X^{DDXfDY{DDYf + ?,&X^DX{DDXf{DDYY 
-1A832X^ DYDXDDXDY{DDYy - ll^2X'^Y{DDXfDY{DDYY 
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AXYDY{DDYf + {DDXfDY + DX{DDXfDDY] 



(96) 



-QX^{DDXfDY{DDYf - l8X^DXDDX{DDYf 
+A8X^DYDXDY{DDYf - 2AX^Y DDXDY{DDY) 
-{DDXfDY - QDX{DDXfDDY] 



(98) 



-2916X'^YDXDDX{DDYY - 11664X^ YDYDXDY{DDY)^ 
-U58X^Y^DX{DDYf - 576X^DXDX{DDX)*DYDDY 
+2AX^{DDXfDYDDY + l8X^DX{DDXY{DDYf 

-3288X'^YDXDX{DDXfDY{DDYy - 12QX^ DYDX{DDXfDY{DDYf 
+lAAX^Y{DDXfDY{DDYf - IQX^Y DX{DDXf{DDYf 
+9Q72XY'^DXDX{DDXfDY{DDYf + 5A8X^Y'^{DDXfDY{DDYf 
+2A30X^Y^DX{DDXy{DDY)^ + 19AA0XY^DYDXDDXDY{DDY)^ 
+2916XY^ XY^DXDDX{DDYf + 11Q6AY^DYDXDY{DDYY' 
+lA58Y^DX{DDYf + 2DX{DDXf] . (99) 

C The computation of M(^) 

We first note tliat tlie left hand side of ( |60D can be expanded as 

Db{l){DDb{l))''+^ - Dh{2){DDh{2)f^^ 

= (a(l) - a(2))Ar(^) + D{a{l) - a{2))S^^\ (100) 



where ArW,^^ are elements of C[X, F, DX, DY; D\. In the same way we have 

-2(fc + 3)(J(l) - J(2)) = (a(l)-a(2)) 

+ D{a{l)-a{2)) 

can be directly computed as 

S'^''^ = {k + 2)DXDY 



DDX + ^{k + 3)DXDY 

^{k + 3)XDY - {k + 2)DX 



.(101) 



k+2 



X E j—jk+2CMiy + a(l)'-ia(2) + ■ ■ ■ + a{2y)iDDXf^'-\DDYy .(102) 



1=0 

Finally we can solve M^''^ by 

■1 



g(k) 



^{k + 3)XDY + {k + 2)DX 



M^^\ (103) 
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